Introduction
In elliptic curve cryptosystems, it is important to construct elliptic curves with a required number of points over finite fields. The theory of complex multiplication leads an approach to the construction of elliptic curves over finite fields. When we construct elliptic curves, we often make use of the class polynomial of J-invariant function. However, this method has the problem on practical use that the coefficients of the polynomial grow very large. To overcome the problem, the polynomials with small coefficients have been invented by using Weber functions. Recently, Enge and Schertz [1] gave the method of using the double η-quotient. The double η-quotient is not SL 2 (Z)-invariant but Γ 0 (N)-invariant. For this reason, they considered N-systems and calculated class polynomials with respect to double η-quotients. Furthermore, they can calculate the modular invariants J(a), for an ideal a of an imaginary quadratic field, by using the modular polynomial from the class polynomials with respect to double η-quotients. However in their method, it is necessary to count the number of rational points of elliptic curves corresponding to solutions of the modular equation over a finite field, because in advance we can not know which solution of the modular equation is that corresponding to the modular invariant. In this article, we shall give a method to reduce the amount of computation in the process of counting the number of rational points. Thus, if we are in the situation that the modular invariant is a multiple root of the modular polynomial, we may expect that the amount of computation reducers to at most a half of the original one. In Section 2, we give some basic results and definitions. In Section 3, we determine the relations between class polynomials with respect to double η-quotients and N-systems. In Section 4 , we give a condition that the modular invariant is a multiple root of the modular polynomial. In section 5, we give an example.
Some basic results and definitions
For two prime numbers p 1 and p 2 , the double η-quotient w p 1 ,p 2 (z) of level N = p 1 p 2 is defined by
where η(z) denotes the Dedekind η-function defined by
The function w p 1 ,p 2 (z) is invariant under the modular group
(see [4] ). For a divisor Q of N such that (Q,
where x, y ∈ Z and det(W Q ) = Q. Then we know W Q is a normalizer of Γ 0 (N).
Especially the normalizer
, we know
(z) with s = 24/ gcd(24, (p 1 − 1)(p 2 − 1)), Enge and Schertz [1] defined the class polynomials H N (X) associated with N-systems N. In the following, we shall recall their results. Let O f be the order of conductor f in a imaginary quadratic field
and a quadratic form q a (X,
It is noted that the basis quotient α a is determined up to SL 2 (Z)-equivalence and the form q a (X, Y ) is a primitive quadratic form with integral coefficients of discriminant D. The following results are well known (see [3] ). Let a 1 and a 2 are proper ideals of O f . We write a 1 ∼ a 2 if a 1 and a 2 are in the same ideal class of O f . Then
Further the map a → q a (X, Y ) gives rise to a bijection between H f and the proper equivalent classes of quadratic forms of discriminant D. Since for an ideal a the value J(α a ) is independent on the choice of basis quotients α a , we shall denote by J(a) the value J(α a ). . Let h(D) be the class number of the order O f . Then we know there exist h(D) isomorphic classes of elliptic curves with complex multiplication by O f . They are represented by the elliptic curves with j-invariants j(α a i ), where a i (i = 1, . . . , h(D)) are ideals representing all classes of H f . Let K f be the ring class field of K of conductor f . Then the theory of complex multiplication shows J(a i ) generates K f over K for each i and J(a i ), (i = 1, . . . , h(D)) are conjugate to each other over Q. To calculate the values J(a), we use the classical class equation for the order O f defined by
However, since this polynomial has large integral coefficient, it is hard to compute the polynomial for large D's. Enge and Schertz [1] devised the method of using the double η-quotient to obtain a class polynomial with small integral coefficients. Since double
(α a ) depend on the choice of ideals a in an ideal class. Therefore to define a class polynomial for w
, we must use the N-systems introduced by Schertz [5] .
the ideals
The following result is basic for N-systems. See Theorems 3. 
Now the class polynomial of w s p 1 ,p 2 associated with an N-system N is defined by
Corollary 2.3. Suppose that following conditions hold:
To obtain modular invariants J(a q ) from the singular values w s p 1 ,p 2 (α q ), we use a modular polynomial Φ p 1 ,p 2 that associates w p 1 ,p 2 with J, which is defined as follows.
Definition 2.4.
where C Γ 0 (N ) and C Γ denote the modular function field of Γ 0 (N) and Γ = SL 2 (Z) respectively.
over C(J) by Theorems 7 and 8 by [2] . To obtain elliptic curves with complex multiplication by O f over finite field F q of q-elements, the polynomials H N (X) and Φ p 1 ,p 2 (X, J) are used in the following algorithm.
Assume that q is a prime number which splits completely in K f .
Algorithm 2.5.
1. Construct an N-system {q i }.
Compute w
s p 1 ,p 2 (α q i ) and H N (X).
Compute a roots w of H
N (X) mod q. 4. Compute F q -rational roots J k of Φ p 1 ,p 2 (w, J) mod q.
Output the desired
In step 5, it is necessary to count the number of F q -rational points of each elliptic curve E k with the j-invariant J k to determine which elliptic curve E k has complex multiplication by O f . In step 4, if Φ p 1 ,p 2 (w, J) mod q has the degree 2 in J and the multiple root J in J, then it is not necessary to count the number of rational points. Accordingly, we will consider the condition that the polynomial has the multiple root in Section 4.
N -systems and class polynomials
In this section, we study the relation between the class polynomials and N-systems.
We have only to prove M ∈ Γ 0 (N) if and only if B i ≡ B ′ i (mod 2N). By (3.1), we have
By substituting (3.3) into (3.2), we obtain If N is odd, we obtain at most N(D) distinct class polynomials of the double η-quotient associated with N-systems for D.
Lemma 3.4. Let B be an integer such that B 2 ≡ D (mod 4N). Then H −B,N (X) = H B,N (X).
Proof. We know the q-expansion of w s p 1 ,p 2 (z) is rational, thus w s p 1 ,p 2 (z) = a n q n (a n ∈ Q, q = e 2πiz ) (see section 3 of [2] ). Therefore we have
and
Since Corollary 2.3 shows that 
with y < 0, y ≡ 1 (mod 2) and p 1 x+p 2 y = 1. Then
Proof. By Theorem 3.6,
Here
Therefore we see
Proof. Let q = [A, B, C] be a form of the N-system N B . Put 
By Lemma 3.7, we have our result. Thus we have only to prove the existence of the above γ in the case A ′ is not prime to N. Set γ = r N t 1 , for integers r, t. Then
.
Therefore we have
Therefore we can take r = N + 1, t = 1. Next assume p i |A ′ and p j ∤ A ′ . Then we have p i ∤ B ′ . Therefore we can take r = p j N + 1, t = p j . This completes our proof.
Multiple roots of modular equation
In this section, we assume the conditions in Corollary 2.3. We shall study a condition that for singular values α of double η-quotients the polynomial Φ p 1 ,p 2 (α, J) of J has a multiple root. Proof. The assertion concerning the degree follows from Theorem 9 of [2] . The equa-
,
Proof. Since (A, B, C) = 1,
Thus we have a q W N (a q ) ∼ a q a B . Since a q a q ∼ 1, this proves the assertion. 
Proof. By (2.2) and Lemma 4.2, we have
Further we know the condition a B ∼ 1 is equivalent to the existence of an element x y z w ∈ SL 2 (Z) such that
Let us assume (4.2). Then we have
3) w = xN + zB. 
Theorem 4.7. Let a q i (i = 1, . . . , h(D)) be the ideals associated with the quadratic forms
Proof. We set a B i = [N,
Consequently, by Lemma 4.2 Finally, we give a result for the decomposition of Φ p 1 ,p 2 (X, J(a)) for an ideal a over finite fields. 
Example
We give an example for the result given in Corollary 4.8. Let D = −56 and N = 39. The integer B = 10 satisfies B 2 ≡ D (mod 4N). Consider the N-system N B . For the integer B, there exist u, v ∈ Z that satisfy (4.1). For instance, we can take u = 10, v = 1.
The modular equation Φ 3,13 (X, J) and the class polynomial H B,N (X) are given as follows. 
